Abstract: Sherlock and Monro [7] developed a parameterization for orthonormal filter bank, that was extended to two vanishing moments by [5] . In this paper we extend this formulation to three vanishing moments and we also present an illustrative example which is an extension of an example of [5] .
Introduction
The angular parameterization of orthonormal filter banks was initially studied in [7] , adapting the work of [8] on the factorization of paraunitary matrices and parameterizing the space of orthonormal wavelets by a set of angular parameters. This parameterization can be used to adjust the wavelet, in order to improve the performance index of some applications related to the processed signal in question. This kind of approach has been exploited in a variety of applications, such as pattern recognition [2] , linear estimation [3] , and signal compression [6] .
The formulation of [7] ensures the orthonormality of filter bank. On the other hand, it does not guarantee that the angularly parameterized wavelet has a predetermined number of vanishing moments. In this sense, [5] extends that formulation and present constraints to ensure up to two vanishing moments. It is important remember that there are studies as [9] that proposed formulations to ensure a certain number of vanishing moments, however the formulation of [7] is distant of those for presenting the possibility of being simplest thus easing their implementation.
In this paper, in order to ensure a third vanishing moment for wavelet filter banks, additional constraints are presented to the work of [5] . As in [5] , the obtainment of the third vanishing moment is made in order to facilitate computational implementations.
Background
Let H (N ) (z) and G (N ) (z) be the transfer functions of the lowpass and highpass filters, respectively, for an orthonormal filter bank with length-2N , such that
where g
and
If the filter bank is to characterize a wavelet transform, the regularity condition G (N ) (z)| z=1 = 0 must be satisfied [1, 4] . Which leads to
To ensure two vanishing moments it is necessary that
which, according to [5] , is
or in terms of α N −1
Equation (7) has a real solution if the angles α i satisfy the condition
Continuing with the reasoning proposed by [1, 4] , in order to obtain a third vanishing moment it is necessary that
Replacing (2) in the second derivative of G (N ) (z) when z = 1 becomes
giving
where
or, after some trigonometric manipulations
Now (12) should be written in terms of α N −2 ,
Illustrative Example
Here, an illustrative example for the parameterization proposed in this work is presented. The example shows how filters with one, two or three vanishing moments should be achieved.
Consider an orthonormal filter bank with length-8 (N = 4) with initial parameterization α = {−90
• , 4
• , −15
• , −60
• }. This parameterization satisfies none vanishing moment, m = 0.
• To get one vanishing moment, m = 1, α 4 must satisfy (4), which implies that α = {−90
• To get two vanishing moments, m = 2, α 3 must satisfy (7) and α 4 satisfy (4), which implies that α = {−90
• , 75.4
• , 55.6
• }.
• To get three vanishing moments, m = 3, α 2 must satisfy (13), α 3 must satisfy (7) and α 4 satisfy (4), which implies that α = {−90 
Conclusion
The formulation proposed by [7] is efficient, ensures the orthonormality of the filter bank, while [5] extended it for up to two vanishing moments, and here it was extended to three vanishing moments. It is worth noting that as well as for (7) and (13) the equations obtained were defined on a nonconvex region, which did not happen for (4) . On that case, [5] proposed an alternative parameterization to linearize α N −1 . It follows that the implementation of the function (13) is as simple as (7), and that in fact, for up to three vanishing moments, the proposed formulation by [7] , extended by [5] , and by this paper is fairly simple and of very intuitive implementation.
